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In this project we proposed, mainly methodologically, an
alternative method for threshold estimation that is
response-confidence embedded and can be implemented into
existing (non-parametric, fixed-step-size) up-down methods.
We investigated via simulation the convergence pattern of
threshold estimation. Using the 75% threshold estimation as
an example, we showed that for both large (n=150) and small
(n=b0) sample sizes, the estimate is by and large good for
small step sizes. In particular, for small sample size the
convergence depends more on whether the initial value is
not far away from the target.

: psychophysics; response confidence; threshold estimation;

up—down methods



Final Report

1 Introduction

The present project is a follow-up of Hsu and Chin (2014), in which we inves-
tigated the extension of some of the (non-parametric, fixed-step-size) up-down
(also known as staircase) methods for threshold estimation proposed by other
researchers (noteably Kaernbach, 2001; Klein, 2001). We characterized their ex-
tension by a general algorithm having the features of ‘unbiased’ middle response
category as well as symmetrical weights for response confidence. We pointed out
that these two features put severe limitations to the algorithm, often leading to bi-
ased and inconsistent estimates of threshold. Hsu and Chin (2014) also mentioned
that it is possible to bypass the core assumptions at issue in the algorithm when
incorporating response confidence into the up-down methods. The methodology
has never been scrutinized and is the focus of this project. In the following we
give a brief background introduction.

1.1 The Up-down method: From binary to multiple response
categories

To begin with, consider a two-alternative forced choice (2AFC) discriminative
task in which two alternatives, a referent and a comparison stimulus, are presented
successively in different intervals (or simultaneously in different locations) on
each trial. To facilitate our discussion, let X,, be a random variable representing
the (physical) strength of the stimulus on trial n. We define a random variable Y,
for the participant’s response on trial n by

(D

v _ 1 if X, is judged as exceeding the referent,
"o otherwise.

We sometimes call Y,, = 1 a positive response and Y,, = 0 a negative response.
The gist of the family of up-down methods concerns adjusting the compari-
son stimulus on the current trial based on the participant’s response on the previ-
ous trial. A well-known example is the simple up-down method X,,,; = X,, —
d(2Y,, — 1) (where 0 is the step size) for estimating the 50% threshold (Dixon and
Mood, 1948). Another example is the ‘weighted up-down’ (WUD) method pro-
posed by Kaernbach (1991) for estimating any threshold quantiles. Specifically,
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for any response criterion 7 (0 < 7 < 1),

X1 :Xn—é(Y”_”). 2)

™

In words, there is a fixed ratio ;= of the increasing (after a negative response)
and decreasing (after a positive response) step size throughout the sequence. For
example, for the 75% threshold, after a negative response the signal will go up one
step on the next trial, but will only go down 1/3 steps after a positive response.

Later Kaernbach (2001) extended WUD to include a “don’t know” response
option, which was recaptured by Hsu and Chin (2014) by setting Y,, = 0.5 in
Equation 1 to represent the “don’t know” response option. i.e.,

1 if X,, is judged as exceeding the referent,
Y,=<05 if “don’t know”, 3)
0 otherwise.

Klein (2001) extended the case of Kaernbach (2001) via two examples to in-
clude four response categories, namely the high- and low-confidence judgment
for each of the positive and negative responses. Hsu and Chin (2014) extended
Equation 3 to cover the cases in Klein (2001). Specifically, let

1 if ‘positive’ with high confidence,
Q9 if ‘positive’ with low confidence,
Y, = . . . “4)
Qs if ‘negative’ with low confidence,
0 if ‘negative’ with high confidence,

in which ay = 0 < a3 < ap < 1 = oy satisfying (a2 + 3)/2 = 0.5. It can be
easily shown that the two extended cases of WUD proposed by Klein (2001) are
special cases of this algorithm.

1.2 An algorithm and its limitations

One can continue the extension of Equation 4 to include more than four response
categories. The algorithm is as follows. For m response categories with 1 rep-
resenting ‘certainly positive’ and m representing ‘certainly negative,” we set the
corresponding Y, to range from 1 = a4, ag, ..., oy, = 0 satisfying ag > as >
... > «auy,. We further require the «; values to be symmetric around 0.5. i.e., if m is
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even, then (o +p—p41)/2 = 0.5fork =1,..., F. If misodd, then Ami1 = 0.5

and (o, + am_ps1)/2 = 05 fork = 1,..., =L

5—. Moreover, for each response
category k (k = 1,...,m) there is a function p;, > 0, and > ;" | px(x) = 1 for
all . This algorithm also can be applied to other up-down methods to incorporate
response confidence. See Hsu and Chin (2014) for details.

While the algorithm just mentioned is simple and can be easily implemented,
there is an issue of unbiasedness of threshold estimation. Hsu and Chin (2014)
discussed two main features of the algorithm that limit its usability. The first is
concerned with the characteristic of having 0.5 for the middle response category,
and the second is concerned with the choice of weights for response-confidence
levels. Using a series of simulation based on the discrete-state threshold theory
of Hsu and Doble (2015) for the underlying psychometric function, Hsu and Chin
(2014) demonstrated that the algorithm indeed is somewhat biased for threshold
estimation, especially if the weight of the middle response category is not set at 0.5
(or is not symmetric about 0.5). This statement also was supported by a small scale
of experiment (see Hsu and Chin, 2014, for details). Since having biased levels of
response confidence may be a norm but not an anomaly in real situations, it is very
likely that the algorithm would yield somewhat biased estimates of threshold.

1.3 An alternative method

Hsu and Chin (2014) mentioned in their Concluding Remarks section that it is
possible to embed response confidence in the up-down methods and at the same
time bypass the the feature of symmetrical confidence levels in the algorithm. The
idea is to let the experimenter adopt a fixed cutoff throughout the trials, and on
each trial the participant simply responds to the stimulus by marking her response
on a continuous scale for her confidence level. The experimenter then assigns
the stimulus on the next trial based on a predetermined cutoff on the scale, which
the participant is unaware of, together with any of the (original) binary-based
algorithms of the up-down methods for a given response criterion.

Specifically, continuing the refinement of the number (m) of categories for
response confidence, as m — oo we have a continuous version of response confi-
dence. Let the random variable R,, denote the response confidence on trial n, and
let v be a real number representing the fixed cutoff. We now define

1 ifR, >,
Y, = BB =V )
0 ifR, <v.



In words, the stimulus value that elicits a certain criterion (7) of response confi-
dence at a given cutoff () can be estimated. Doing this is tantamount to introduc-
ing another dimension to the existing framework. Equation 5 can be implemented
to any of the (binary) up-down algorithms, such as the WUD (Kaernbach, 1991)
and the ‘biased coin design’ (Durham and Flournoy, 1995). In fact, the up-down
methods just mentioned can be regarded as a special case of Equation 5 in which
the cutoff v is set in the middle of the scale separating the positive and negative
responses.

In this project we aim to study, mainly methodologically, the applicability of a
response-confidence embedded method based on Equation 5, jointly with some of
the up-down methods discussed in Hsu and Chin (2014), for threshold estimation.

2 Procedure

Our earlier study (Chen and Hsu, 2010) showed via simulation that the ‘biased-
coin design’ (BCD), originally developed by Durham and Flournoy (1995) for
experimenting drug dosages in clinical trials, performed well with small step size,
even for small trial sequences. Thus in this project we mainly focus on applying
Equation 5 to the BCD.! We also focus on the response criteria between 0.5 and
1, as it is often used in real situations. The algorithm of BCD is as follows. For
05 <7m<l,

X1 =X, —0(Ya(Sy+1)—1), (6)

where S;; is a Bernoulli random variable (independent of Y ,) taking value 1 with
probability I_T” and value O with probability 1 — 1_7” In words, a positive response
by the participant will either yield a one-step down (with probability 1_7”) or no
change of step size (with probability 1 — 1_7”) for the signal on the next trial. In
contrast, a negative response by the participant will yield a one-step up for the
signal on the next trial.

Following our notation of representing O for negative response and 1 for posi-
tive response, we conveniently set the range of response confidence to be between
0 and 1, and used a truncated Gaussian (between O and 1) for each stimulus-
elicited underlying distribution of response confidence. The standard deviation of
the truncated Gaussian was set at 0.1. The (physical) signal intensity is a ratio

"We also applied the algorithm to the WUD and found that the convergence pattern is similar
to that of BCD.



scale and here we conveniently assumed that a 0.5 units of signal intensity would
elicit an average of 0.5 (i.e., the middle point) on the response confidence scale.
Under this constraint and the observation that typical psychometric functions (of
signal intensity) are largely linear in the mid range, we used a logistically dis-
tributed psychometric function for the mean response confidence. The location
and scale parameters of the logistic distribution were set at 0.5 and 0.2, respec-
tively.? For comparison, we also ran another series of simulation based on a ‘rigid’
(with slope 1) psychometric function.

We systematically ran the simulation with different response criteria (7) and
cutoffs () for the BCD. We also paid special attention to the step size () im-
plemented in the up-down method, as previous studies have shown that different
step sizes would affect the speed of convergence. In particular, large step sizes
tend to yield biased estimates (e.g., Hsu and Chen, 2009; Hsu and Chin, 2014).
After some exploration, we chose five step sizes: 0.04, 0.08, 0.12, 0.16, and 0.20
units in the simulation. All the simulation was performed using the R software (R
Development Core Team, 2015).

3 Results and concluding remarks

A series of simulation was conducted to get an insight into the convergence pat-
tern. For each condition of the simulation, we recorded the reversal points except
the first two, and computed the average. When there was no more than one re-
versal point, we used the signal intensity in the last trial as the estimate. We then
repeated the simulation procedure 1000 times and recorded the median.

We obtained many simulation results. To get straight to the point, we show in
Figure 1 the estimation of the 75% threshold.> We first note that for large sam-
ple size (=150), the estimate is excellent for small step size, no matter the initial
values. For small sample size (=50) the convergence depends on the initial value,
and this applies to all the cutoffs (0.2, 0.5, and 0.8) we assigned. In other words,
as long as the initial value is not far away from the target, the estimate is by and
large a good approximation to the target for small step size. The simulation using
the ‘rigid’ (with slope 1) psychometric function yielded slightly better results. See
Figure 2 for details.

ZMore can be elaborated about the parameter setting of the truncated Gamma distributed re-
sponse confidence, and also of the logistic distributed psychometric function (of signal intensity)
for the mean response confidence. We do not go to the detail here.

3The simulation for other non-extreme percentile thresholds yielded similar results.
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Figure 1: Estimates of the 75% threshold assuming a logistic psychometric func-
tion. Left column: sample size=150, right column: sample size=50.
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Figure 2: Estimates of the 75% threshold assuming a ‘rigid’ psychometric func-
tion (with slope 1). Left column: sample size=150, right column: sample size=50.



In this project we provided a alternative method for response-confidence em-
bedded threshold estimation. The core of the method relies on putting response
confidence into another dimension so that it would not confound with possible
biasedness under the conventional up-down methods. We showed by simulation
that the new method is potentially applicable. A future work is to implement the
method to psychophysical tasks to verify its feasibility. The methodology will
be useful in, for example, some clinical settings where participants from certain
clinical groups might only contribute a small amount of trials.
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The main purpose of this trip was to present my work in the 57th Annual
Meeting of the Psychonomic Society, which began the afternoon of November 17th
and ended the early afternoon of November 20th in Boston. After the conference I

flew to Irvine in Southern California for a research stay for several days.

BE

In the Psychonomic conference I gave a poster presentation titled “A
response-confidence embedded method for threshold estimation”. Based on some of
my previous work (Hsu & Chen, 2009; Hsu & Chin, 2014), I proposed a
response-confidence embedded method for threshold estimation in psychophysics.
The proposed method can be incorporated into the family of non-parametric,
fixed-step-size up-down algorithms (e.g., Derman, 1957; Durham & Flournoy, 1995;
Kaernbach, 1991, 2001; Klein, 2001) for the estimate of threshold quantiles with

certain levels of response confidence (set by some predetermined criteria).

3 45

Attending the Psychonomic conference helps me keep track of the on-going
research topics in the respective fields. For example, one of the symposia,
“Introduction to Model-Based Cognitive Neuroscience” provided a glimpse of the
current attempt of modeling behavioral and neuroimaging data jointly. And it appears
the advancement would benefit from incorporating the Bayesian approach.

After the conference I flew to Southern California to meet with Dr. Chris Doble
to discuss a potential joint project of studying the constraints of the law of similarity
under the Fechnerian framework. This research initiative will be a follow-up of my
recent work of characterizing the conditions under which affine representations are

also Fechnerian under the power law of similarity (Hsu & Iverson, 2016).
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The response-confidence embedded up—down method we developed (for
threshold estimation) will be useful in, for example, some clinical
settings where participants from certain clinical groups might only

contribute a small amount of trials.
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