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In this project we use the Fechner method (of taking the
limit of sequence of integrals of jnd’ s) to construct the
scales in a (weakly balanced) affine representation. We
postulate a psychophysical law of similarity, and study its
impact on the possible functional forms in the affine
representation. Under this framework we further study the
conditions under which affine representations are also
Fechnerian, and link the results to the solutions in
Iverson (2006) that was worked out within the Fechnerian
framework. The work of this project has been summarized in
a paper titled “Conditions under which affine
representations are also Fechnerian under the power law of
similarity on the Weber sensitivities” to be published in
the Journal of Mathematical Psychology (see the attached
file).
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Abstract

In this project we use the Fechner method (of taking the limit of sequence of integrals of
jnd’s) to construct the scales in a (weakly balanced) affine representation. We postulate a
psychophysical law of similarity, and study its impact on the possible functional forms in the
affine representation. Under this framework we further study the conditions under which
affine representations are also Fechnerian, and link the results to the solutions in Iverson
(2006) that was worked out within the Fechnerian framework. The work of this project has
been summarized in a paper titled “Conditions under which affine representations are also
Fechnerian under the power law of similarity on the Weber sensitivities” to be published in
the Journal of Mathematical Psychology (see the attached file).

Keywords: affine representation; balance condition; Fechner method; Fechnerian
representation; law of similarity

II



Journal of Mathematical Psychology I (REEN) IRE-HEN

Journal of Mathematical Psychology =

Contents lists available at ScienceDirect

é

e
Ty
A

journal homepage: www.elsevier.com/locate/jmp

Conditions under which affine representations are also Fechnerian
under the power law of similarity on the Weber sensitivities

Yung-Fong Hsu**, Geoffrey ]. Iverson

b

2 Department of Psychology, National Taiwan University, Taiwan
b Department of Cognitive Sciences, University of California, Irvine, USA

ARTICLE INFO

ABSTRACT

Article history:
Available online xxxx

We dedicate this paper to the memory of
Duncan Luce whose vast body of work was
instrumental in defining the field of
mathematical psychology

Keywords:
Affine representation

In a recent paper, Hsu, Iverson, and Doble (2010) examined some properties of a (weakly balanced)

affine representation for choices, ¥ (x,y) = F <M> and showed that using the Fechner method

o)
of integrating jnds, one can reconstruct the scales u and o from the behavior of (Weber) sensitivities
£(x) = x + As(x) (where s = F~!(r) and A is the jnd) in a neighborhood of s = 0. Following Iverson
(2006b), in this article we impose a power law of similarity on the sensitivities, & (Ax) = A‘(S)én@,s) (%),
and study its impact on u and o in the affine representation. Especially, we specify the conditions for the
first- and second-order derivatives of & (x) with respect to s (and evaluated at s — 0) under which the
affine representation degenerates to a Fechnerian one. We also link the results to the solutions in Iverson
(2006b), which was worked out within the Fechnerian framework.

Fechnerian representation
Integration of jnds
Near-miss to Weber’s law
Power law of similarity
Weakly balanced condition

© 2016 Elsevier Inc. All rights reserved.

1. Introduction

Let (x,y) € I x I for some interval I of positive real numbers.
Consider a system of choices ¥ (x,y) which is a continuous
mapping from I x I onto a positive interval. Such a system is called
regular if (i) for eachy € I, x > W(x, y) is strictly increasing from
I onto an interval I, C Ry, and (ii) foreachx € I,y — ¥ (x,y)
is strictly decreasing from I onto an interval I, C R,." We define
G- (y) viax = q, () iff ¥ (x, y) = m.In psychophysics, a standard
Fechnerian representation for ¥ has been proposed (Falmagne,
1985; Luce & Galanter, 1963):

Y(x,y) =Fu®X —u®)), (1)

in which the scales u and F are continuous and strictly increasing
on a common interval of the positive reals.

Generalizing (1), Hsu et al. (2010) introduced an affine
representation

¥ (x,y) =F h®) +g1)) . (2)

* Corresponding author.
E-mail addresses: yfhsu@ntu.edu.tw (Y.-F. Hsu), giverson@uci.edu
(GJ. Iverson).
1 Note that the intervals I, and I} are different. See footnote 1in Hsu, [verson, and
Doble (2010) for explanation.

http://dx.doi.org/10.1016/j.jmp.2016.04.009
0022-2496/© 2016 Elsevier Inc. All rights reserved.

in which F is continuous, strictly increasing and differentiable with
positive derivative, and h is assumed to vanish nowhere on I.
The authors showed that within the framework of (2), a regular
system of choices can always be weakly balanced (which, within
the present context, is defined as F~1 (¥ (x, x)) = 0 for all xin I):

u) —u(y)
v . =F )
) ( o) )

in which u is strictly increasing and o is positive, and both are
continuous and differentiable on I.

It is convenient to adopt s = F~!(sr) in (3) as the index of the
response criterion. Let A;(x) be the Weber function representing
the increment in stimulus x that is required to produce the s-
indexed “just noticeable difference” (jnd), and write &(x) = x +
Ag(x), called (Weber) sensitivities, for g (x). Thus &(x) is defined
for all x in an interval D, and all s in the range of F~1(x). It
follows that &;(x) is strictly increasing and continuous in both x
and s. Hsu et al. (2010, Theorem 12 on p. 263) showed that using
the Fechner method? of integrating jnds, lim,_,o A 1
(Falmagne, 1985; Iverson, 2006a; Krantz, 1971; Pfanzagl, 1962),

(3)

sox) — u®

2 In the literature Fechner used what he called the Mathematical Auxiliary
Principle for constructing the sensory scale. His approach, however, was soundly
criticized by Luce and Edwards (1958) as being flawed. Krantz (1971) pointed
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http://dx.doi.org/10.1016/j.jmp.2016.04.009
http://www.elsevier.com/locate/jmp
http://www.elsevier.com/locate/jmp
mailto:yfhsu@ntu.edu.tw
mailto:giverson@uci.edu
http://dx.doi.org/10.1016/j.jmp.2016.04.009

2 Y.-F. Hsu, GJ. Iverson / Journal of Mathematical Psychology Il (1EN) ERE-HER

one can reconstruct the scales u and o in (3) from the behavior
of &(x) in a neighborhood of s = 0. Specifically,

*u(t)
o (x) = a(xp) exp ; m dt (4)
for any xo in I, and
u(x) = u(xg) + ’ @ dt, (5)
v F(O)

P a2
where f(x) = 5% S_O,a)(x) = L& ;fssz(x) S_O,and v(x) = f'(x)— %

In Section 4 we restate the theorem by providing an alternative
formulation and proof (see Theorem 3).

The functions f and w in (4) and (5) have an appealing inter-
pretation in psychophysics. Consider discrimination probabilities
from tasks consisting of a set of referents and comparison stimuli.
Given a referent, the value of f is the derivative of the inverse of
the psychometric function evaluated at s = 0. And f is a function
of the referent (measured in ratio scale units). The second-order
derivative w can be interpreted in a similar way.

While (4) and (5) provide a characterization of the scales u and
o in (3) via the sensitivities &, in practice the formulas only lead
to an approximation because the functional forms of f and w are
unknown. Imposing some empirically-based regularity properties
on (3) can help narrow down the possible forms. An appealing
candidate for regularity is the notion of “similarity”.

In this article we impose a power law of similarity on the
sensitivities and study its impact on u and o in a weakly balanced
affine representation. We start by introducing the concept of
a law of similarity with a few examples. That leads to the
presentation of a power law of similarity which is more closely
related to the cases studied in Iverson (2006b). In Section 4 we
review the Fechner method for reconstructing ¢ and w in (3)
and provide an alternative formulation and proof. We devote
Section 5 to specifying the conditions for the first- and second-
order derivatives of & (x) with respect to s (and evaluated ats — 0)
under which the affine representation degenerates to a Fechnerian
one. Last but not least, we link the results to the solutions in Iverson
(2006b), which was worked out within the Fechnerian framework.
We also briefly discuss the issue of characterizing the scales in (3)
from a slightly different angle.

2. Similarity: a homogeneity law

We define similarity as follows. Let # = {j(x)|j =1,2,...,]}
be a finite collection of real-valued functions defined on the
positive reals. We say that the collection ¥ is similar if there are
positive constants «;j, ; and a function g such that f;(x) = o;g(8jx).
It follows that all members of # can be expressed in terms of any

single member, say, fi. Namely, fi(x) = z—fﬂ(%x), which can be
K
re-written asfj(%x) = :—ffk(x).
7
In the following we give three examples of similarity across
different contexts from one of the authors’ previous work.
The first example concerns the photoreceptor sensitivities (as

a function of log wavelength) in vision study. Observing that
different classes of cone absorption spectra Si(A), k = L, M, S

out that the auxiliary principle that Fechner used can be reformulated in such a
way that the sensory scale is constructed as the limit of a sequence of integrals
(see also Pfanzagl, 1962). Specifically, the Fechnerian representation (1) assumes
a family of functional equations of Abel's type: u(&s(x)) — u(x) = s. The
Krantz-Pfanzagl theorem states that one can construct the scale u via u(x) —u(y) =
lim_, 04 fyx ﬁ dz. We call this the Fechner method and apply it to the affine
representation.

receptors appear to have a common shape and differ only in the
values of peak wavelengths A, Iverson and Chubb (2013) related
those sensitivities via a similarity form: Si (1) = Sy (A(Ay /Ar)) for
any indices k, k' € {L, M, S}.

The second example concerns partial masking in psychoacous-
tics. Pavel and Iverson (1981) used a matching function ¢, (x) to
characterize the perceived loudness of a tone in quiet that matches
a tone of intensity x embedded in a noise background of inten-
sity n. They found that empirical data suggest a homogeneous re-
lation of “shift invariance” for the family of matching functions:
@,0,(Ax) = App(x) forany A > 0 and some 0 < 6 < 1 (see also
Iverson & Pavel, 1981).

The third example, the focus of the present study, concerns the
near-miss to Weber’s law phenomenon (Doble, Falmagne, & Berg,
2003; Falmagne, 1985, 1994; Hsu et al., 2010). To have an insight
into the regularity shown in this kind of data, Iverson (2006b)
introduced a law of similarity on the sensitivities within the weakly
balanced system: for all A such that Ax € I,

E(Ax) =y (A, &0, (%), (6)

in which y (%, s) and (A, s) are parameters which are themselves
continuous functions in the two variables. Within this context
and also considering the “shift invariance” example, we assume
that y(X,s) varies monotonically with A and n(A,s) varies
monotonically with s.

Note that setting A = 1in (6) yields &(x) = y (1, $)&,1,5 (%),
implying that ¥ (1, s) = 1ifand onlyif(1, s) = s. Also, employing
the weakly balanced condition yields & (Ax) = y (4, 0)&,.0)(X) =
Ax, implying that y (A, 0) = A if and only if n(X,0) = 0. We
impose these “boundary conditions” (i.e., y(1,s) = 1,n(1,s) =5,
y(A,0) = A, and n(A,0) = 0) on (6), as they are reasonable
assumptions in view of the last two examples. In an earlier
study Iverson (2006b) invoked these boundary conditions and
solved (6) for all families of sensitivities that admit a Fechnerian
representation (1).

To further tighten up (6), we also assume that 7 is “multiplica-
tively translational” (Aczél, 1987) in the sense that n(AA/,s) =
n(\, n(x,s)) for all A, A" such that Ax, A’x, AA'x € I. This assump-
tion puts some constraints on 5. In particular, if (X, s) is non-
constant in A, then fixing s = sy # 0 in the equation yields
n(AA,s9) = n(A, n(A, so)). Now write n(A,sg) =t = HQA). It
follows from Aczél (1966, 1987) that H must be strictly monotonic,
and one gets n(X, t) = n(AL, so) = HAAX) = HWH™(t)). i.e,
n(x,s) = H(AH™'(s)). Note that (X, 0) = 0 forces H(0) = 0.

3. A (power) law of similarity on the Weber sensitivities

Despite their innocuous appearances, n and y in (6) are
somewhat related. To see this, we iterate (6) to obtain

E(AAX) = y (AL, 9)&,000 .5 (%) (7)
=y, 90,9 %) =y A, )y X, n(X, $)E167 n0s) ®). (8)

We first note that if n (A, s) does not vary with A, then the boundary
condition (1, s) = s forces n(A, s) = s for all A. Inserting this into
(8) yields y (A, s) = A“® for some function (s). Further, one sees
from (7) and (8) that

Yy, s) =y (h, )y, (A, s)) 9)
if and only if
N2, s) = (', n(x, ). (10)

Eq. (10) is exactly the multiplicative-translation postulate men-
tioned above, so we focus on (9).If (A, s) is non-constant in A, then

Please cite this article in press as: Hsu, Y.-F., & Iverson, G. ]., Conditions under which affine representations are also Fechnerian under the power law of similarity on the
Weber sensitivities. Journal of Mathematical Psychology (2016), http://dx.doi.org/10.1016/j.jmp.2016.04.009
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continuing our reasoning earlier, we fix (the same)s = so # 0
n (9), yielding y (A1, s9) = y (A, so)y (), n(X, sp)), which, with
K(A) = y(A,so), can be rewritten as K(AA) = KQ)y(/,t).

(Recall that (A, s) = t = H(A).) Thus y(\,t) = ",g?j)) =

KH-'0)) _ KoH 'HOWH (1) : _ -1 .
KE=T(0) RoH-1(0) .i.e, with G = K o H™', one obtains
y(A,s) = C09) e summarize the result below.

G(s)

Theorem 1. Consider the law of similarity (6) in which n is
multiplicatively translational: n(A)', s) = n(A’, n(X, s)). Then either
n(i,s) = sforall x and y (1, s) = A'©, where ((s) is a function of
s, or there exist continuous and strictly monotonic functions H and G
satisfying H(0) = 0 such that n(x,s) = HAH™'(s)) and y (A, s) =

7@(%%5)) (or equivalently, y (A, t) = Ij((% where K(A) = y (X, so)
1
(5))

andt = H™

The form of  in Theorem 1 prompts an attempt to further
characterize its behavior. A useful notion is regular variation:
limeo 7 (2, 1) = limeo {20 = lim o LG8 = 2% for some
real number &,,. Adhering to this property, we consider a situation
wherein the multiplier y in (6) takes a power-function form glob-
ally (as in the first subcase). Such a presumption is supported in
some important applications. An example, though from a different
context outside the weakly balanced system, is the homogeneous
relation of shift invariance for the family of matching functions
mentioned earlier (Iverson & Pavel, 1981; Pavel & Iverson, 1981).

Another example, the focus of this study, involves a power-
function formulation for the sensitivities. Iverson (2006b) dis-
cussed two such instances of law of similarity that capture the
near-miss to Weber’s law phenomenon well: one is the power
function advocated by Falmagne (dubbed “Falmagne’s power law”)

£(x) = A& (x) (11)
and the other (dubbed “psychophysical power law”) takes the form
Es(AX) = A&y (X). (12)

Both are special cases of Theorem 1.

Taking the two instances (11) and (12) into account, in this ar-
ticle we focus on a slightly restrictive form of (6) by assuming that
the multiplier is a power function: y (A, s) = A“®, in which «(s) is
positive, continuous, and twice differentiable in s, with ((0) = 1.
This (n-multiplicatively translational) power law of similarity reads

E(0x) = L9, (X) (13)

for all A such that Ax € I. The parameter ¢ in (13) is constrained
if n(A, s) varies with A, under which (12) comes about as a log-
ical consequence. To see this, we iterate (13) and obtain i((s) =
t(n(x, s)) if and only if n(AA', s) = n(X/, n(A, s)). If n(x, s) varies
with A, then ¢(s) must be a constant function of s. In such a case
since the system is weakly balanced, we have A = &;(&y(1)) =
Eo(OE (1)) = A O°E (& (1)) = A“©’ indicating that ((s) = 1
for all s. Furthermore, since (X, s) = H(AH™'(s)) (see Theorem 1),
one can define o = H~!(s) and .§Q (x) = &5(x),and (13)is simplified
to ég (Ax) = Aé,\g (x). We have the following result.

Corollary 2. Consider the (n-multiplicatively translational) power
law of similarity (13) in a weakly balanced system. If n(A, s) varies
with A, then 1(s) = 1 for all s. In such a case with o = H™'(s) and

E,(x) = £(x), (13) is simplified to &,(Ax) = A&, (x).

Theorem 1 and Corollary 2 are useful in confining the scales in
the affine representation (see the proof of Theorem 5 in Section 5).

4. Integrating jnds to recover weakly balanced affine represen-
tations: an alternative proof

The following theorem is a restatement (though using a slightly
different formulation) of Theorem 12 in Hsu et al. (2010). The proof
presented here is slightly different from and shorter than the proof
in Hsu et al. (2010).

Theorem 3. Suppose that a regular system of choices can be
represented in the form of a weakly balanced affine representation (3),
in which the scales u(x) and o (x) are continuously differentiable on I.
Also, suppose that the sensitivities £;(x) are, for each x belonging to I,
twice differentiable in s in a neighborhood of s = 0. Then

X y
u(x) = u(xo) + u'(x0) /XO [exp (— ; fa;((?) dt)} dy (14)
forany xqin I, and
o (%) = 1/ (xo)f (%) exp [— X: f“;((tt)) dt] , (15)
where f (x) = % and w(x) = %
—0 S s=0

Proof. The equation for sensitivities from (3) reads

u(gs(x)) = u(x) + so (x).

Differentiating the above equation with respect to the criterion
variable s, we get

9,
‘5 (") W (5(X) = 0 (). (16)

Differentiate again with respect to s to give

<3SS(X) 255( X

u'(§(x)) = 0. (17)

a5 ) (&) +

Take the limits — Oineach of (16)and (17), and recall that within
a weakly balanced system, &(x) — x ass — 0. We obtain, with

fx) = % and w(x) = 7823&2(") ,
s=0 S 5s=0
fOU'(x) = o (x) (18)
and
F2eou" (%) + o@)u'(x) = 0. (19)

We then integrate (19) to recover u(x); the scale o (x) then can be
recovered from (18). Specifically, from (19) we obtain

u"(x)  dinu'(x) X

v dx R

from which a first integration gives

* ()

u'(x) = u'(xp) exp |:— dt] (20)
’ w0 F2(0)

for any xp in I, and a second integration gives

_ X y t
7u(x)/ U(xo) :/ |:exp (— a;( ) dt>:| dy,
u (XO) Xo X0 f (t)

leading to (14). The form of o (15) can be obtained from (18) and
(20). O

Please cite this article in press as: Hsu, Y.-F., & Iverson, G. J., Conditions under which affine representations are also Fechnerian under the power law of similarity on the
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It is straightforward to verify that (15) and (4) are identical, and
so are (14) and (5). Note that differentiating (15) and using (20)
yields o’ (x) = u'(x)v(x), in which v(x) = f'(x) — % an expres-
sion involving the first- and second-derivatives of & (x) that can be
used to characterize the relationship of affine and Fechnerian rep-
resentations. Indeed, Hsu et al. (2010) proved a corollary” just for
that, and used a special form (see (23)) of Falmagne’s power law
(Falmagne, 1985; Iverson, 2006b) to illustrate the application. We
restate the corollary (with more details) below, as it is helpful for
giving insight into the impact of the power law of similarity (13)
on (3).

Corollary 4. In Theorem 3, define v(x) = f'(x) — % If vix) = A
a constant, then either o is constant (in which case A = 0) or o (x) =
Au(x)+B(A # 0), and the weakly balanced affine representation (3)is
equivalent to a Fechnerian representation (1). The converse is also
true.

5. Conditions under which an affine representation is Fechne-
rian

We study the impact of (13) on the scales u and o in the weakly
balanced affine representation (3) using the Fechner method (via
the forms of f and w in Theorem 3). The following theorem not
only spells out the constraints of ¢t and n in (13) and f in (3), it also
specifies the conditions for w under which (3) reduces to (1).

Theorem 5. In Theorem 3, suppose that the weakly balanced affine
representation (3) also satisfies the (n-multiplicatively translational)
power law of similarity (13). Then one of the following three cases
holds:

() /(0) =0, n(A, s) =s, and f (x) = Cx for some constant C > 0.
Moreover, (3) reduces to (1) if w(x) = Ax for some constant A.

() /) # 0, ni,s) = s and f(x) = J(O0)xInx + Bx
for some constant B. Moreover, (3) reduces to (1) if w(x) =

('(0)2x(Inx)% + (2B/(0) + " (0)xInx + (B + L)

(1) «(s) = 1foralls, n(i,s) = ABs, and f(x) = AxE*! for some
constants A > 0 and B # 0. Moreover, (3) reduces to (1) if
w(x) = A%(B + 1)x?B+1,

Proof. We differentiate £ in (13) with respect to s:

IEGX) D

3s = 3s (kt(s)‘fn(x,s) (X))

0&,(x) an(A, s)

= A9 ) (s)E, x) + A1
(InA)'($)&y0.9 ) + o 95

Lets — 0, then

0&s(Ax) _ MIM)L/(O)HA&&(X)‘ 8n(k s) .
85 s=0 s=0
Define
000 =0 fx ko= M2
S s=0 85 s=0

£(3) =/ (0)InA,
and the above equation can be rewritten as

P(Ax) = £(1) + d(Ok(R),

3 The proof relies on an established theorem stating that (3) reduces to (1) if and
only if o is constant or ¢ is not constant but u = Ao + B for some constants A and
B. See also Theorem 6 in Hsu et al. (2010) for a slightly more general statement.

a(generalized) Pexider functional equation. We have three families
of continuous solutions for ¢ (Aczél, 1966), subject to the

requirement that ¢ is positive. Since d&(") = f(x) = x¢(x),
s=0
we know f (x) in each case.

M ex)=C>0,k(x)=1-— ‘,(TO) In A, and so f (x) = Cx.
(I1) £ £ 0(and so ¢'(0) # 0), ¢(x) = /(0)Inx + B > 0 for some
constant B, and k = 1. Thus f (x) = ¢/(0)xInx + Bx.
(I € = 0(and so ¢'(0) = 0), k(x) = xF, and ¢(x) = AxE > 0 so
that f (x) = AxB*! for some constants A > 0 and B # 0.

It remains to find the functional form for w, since together w
and f determine u, o (see (14), (15) in Theorem 3), and v (see
92E5(x)

952

Corollary 4). Now w(x) = , SO we compute a second
=0

derivative of (21):
2
% = InA ((((5)*AO(InA) + 1O (5)) 5.5 (%)
0&,(x) an(A, s)
on

+ 219 (In )/ (s) ——
as

Y0 9%,(x) (dn(%,s) + IE, (%) 3°n(2, 5) .
an? ds an 0s?
Take the limit as s — 0 in the above equation and define
92 (x) °n(x, s)
(=" /x, 20y = LB
s=0 as s=0

) = [ (0))2 Inx+"(0)]In A.
We obtain

L) = () 4 26()PMk(R) + [L K () + p(0z(M)]. (22)
We now provide the solutions to each of the three cases.
For case (1), the term ¢/(0) in k(A) = d”(’\ S) =1- ”(% InA
must equal 0, otherwise we have a 51tuat10n in which t(s) is not

constant and 3"(’\ 9

varies with A—contradictory to Corollary 2.
(i.e., by Theorem 1and Corollary 2 we must have n(A, s) = sand so

k(x) = 1,£(A) = 0,and z(A) = 0 for all 1.) Inserting these values
into (22) gives

Cx) =t(A) + £ (),
a functional equation with known continuous solutions.

Subcase (I1) ¢(x) = A and so w(x) = Ax. By Corollary 4 we have

v(x) = 2— , a constant, indicating that the weakly
balanced affme representation degenerates to a Fech-
nerian one. Moreover, (1) = 0 and so (" (0) = 0.

Subcase (12) ¢(x) = alnx+ b (a ;é 0) and so w(x) = axInx + bx.
We have v(x) = CT_b — ¢ Inx, indicating that the
affine representation does not degenerate to a Fech-
nerian one. In this case (" (0) # 0.

For case (II), /(0) # 0 implies that ¢(s) is not constant. The-
orem 1 and Corollary 2 apply and we have n(A,s) = s and so
z(A) = 0O for all A. Also recall that k = 1. Inserting these values
into (22) and then differentiating it with respect to x gives

¢'Gxx = ¢'®)2e(0) + ¢ (x).

Recall that ¢(x) = ¢/(0) Inx+Band so ¢’ (x) = ¢/(0) /x. Multiplying
both sides of the above equation by x, we obtain, with R(x) = x¢’(x)
and V(A) = 2/(0)£(1) = 2(¢/(0))? In X, a Pexider functional equa-
tion

R(Ax) = V(L) + R(x).
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Thus R(x) = 2(/(0))?Inx 4 b for some constant b and so the
form of ¢ is obtainable, which can be inserted back to (22) to yield
b = 2B/ (0) + ¢"(0). We have w(x) = (/(0))?x(Inx)? + (2B/'(0) +
("(0))xInx + cx, where c is a constant. The parameter ¢ is con-
strained for the Fechnerian case. A little algebra shows that v in

Corollary 4 is a constant if c = B? + %.

For case (IlI), k(A\) = AP being non-constant imposes a strong
constraint on the functional form of . By Corollary 2, we have
t(s) = 1forall s and, with H(L) = A, n(A,s) = HAH7'(s)) =
ABs.Inserting T = 0,¢ = 0,z = 0 and k(1) = AB into (22) gives

C(x) = C (01"
with two continuous solutions.

Subcase (IlI1) ¢(x) = 0 and so w(x) = O for all x. We have
v(x) = A(B + 1)x8, and thus v is constant if and
only if B = —1.1i.e., the representation is Fechnerian
iff(x) =Aforallxinl.

Subcase (IlI2) ¢(x) = ax?® (a # 0) and so w(x) = ax?2*1. Ap-
plying Corollary 4 gives v(x) = A(B + 1)x* — 4x°.
Thus the representation is Fechnerian if and only if

A(B+ 1) = 7.Inthis case B # —1.

Note that by Corollary 4, for both subcases of (III) the representa-
tion is Fechnerian if and only if o is constant. O

Using the same method, one can show that, for (3) under the
more general law of similarity (6), there are exactly three possible
forms of f: (i) f (x) = Cx(C > 0),(ii)f (x) = AxInx+Bx (A # 0),and
(iii) f(x) = AXB+1 + Cx (A, B # 0). As can be seen, they resemble
(generically) the three forms of f in Theorem 5. Among them (i)
is accompanied with three possible forms of w, and (ii) and (iii)
are each accompanied with two possible forms of w.* It follows
from Corollary 4 that the could-degenerate-to-Fechnerian scenario
resembles closely the corresponding subcases in Theorem 5.°

We pause here to note that if ¢ in (13) is further assumed to
be strictly monotonic, then subcase (12) in the proof of Theorem 5
can be ruled out, meaning that (I) only admits the Fechnerian
representation. Moreover, case (II) of Theorem 5 resembles
Falmagne’s power law (11), for which Hsu et al. (2010) have shown
that it takes (actually, is equivalent to) a special form

£(x) = xWx) ™, (23)

where xo > x for all x is the maximum value at which all In &xﬁ

curves intersect on the Inx axis.°The authors proved that (23)
forces the weakly balanced affine representation to be a Fechnerian
one (see Theorem 11 on p. 262). Indeed, by slightly strengthening
the properties of the functions o in (3) and ¢ in (11) (without
explicitly spelling out the special form as in Theorem 11 of Hsu
et al., 2010), one can show that Falmagne’s power law (11) only
admits the Fechnerian representation.

4 For (i), they are w(x) = ax, w(x) = axInx + bx (a # 0), and w(x) = ax**! + cx
(a, b # 0). For (ii), they are w(x) = cxInx + bx and w(x) = %x(lnx)2 + bxInx + cx
(a # 0). For (iii), they are w(x) = §x**' + bxand o(x) = gopx5P+! 4 x5+ 4 dx
(a,b #0).

5 For f(x) = AXB*t! 4+ Cx, there are two scenarios for the could-degenerate-to-
Fechnerian subcase, depending on whether C = 0. The one described in Subcase (III)
of Theorem 5 deals with the case in which C = 0. See our remark after Theorem 8.

6 The reason is as follows. Fixing any x; s € I in (11) and defining Ax; s = y,
one gets &(y) = (*)“5)5S (%15) = y'Ox7 D& (%1 5). Thus (11) can be re-written as
£(x) = x'OK(s), where K(s) = x;"*&(x, ). The graphs of In &T(X) versus Inx are
linear with slopes ¢(s) — 1. In particular, In @ = 0 forall x € I.If «(s) varies with
s, then those lines intersect at the coordinates (In xq, 0) (where xo > x for all x) and
soK(s) = x) ¢,

Theorem 6. Suppose that Falmagne’s power law (11) holds for a
weakly balanced affine representation (3). Also suppose that the
functions ¢ in (11) and o in (3) are continuous, strictly monotonic and
never zero. Then the representation is Fechnerian.

Proof. We first apply (3) to & (Ax) to get
£0x) = u” (WOAX) + 5o (AX)) .

Now fix x = xg and define a new variable y = Axq. Applying (11)
to the above equation and taking logarithms on both sides gives

Inou™" (u(y) + so (¥)) = i(s) In (Xl) + In&(xo),
0
which, with g(y) = ln(%) =ti=uog 'andé =0 og~ !, can
be rewritten as
Inou™" (i(t) + 56 (1)) = tu(s) + In&(xo), (24)

where 6 and ¢ are continuous, strictly monotonic and never zero.
The solution to (24), due to Falmagne and Lundberg (2000) (see
Theorem 1.1 on page 203), ensures that u(y) = u o g~ !(t) = i(t)
and o (y) = o o g~ 1(t) = & (¢t) are linearly related, and the result
follows immediately (cf. footnote 3). O

In Theorem 5, the corresponding scales of u and ¢ in the three
cases, for which the weakly balanced affine representation (3)
degenerates to a Fechnerian representation (1), are also readily
accessible by inserting the forms of f and w into (14) and (15).
Straightforward calculations yield the following result.

Corollary 7. In Theorem 5, the corresponding scales of u and o, for
which the weakly balanced affine representation (3) degenerates to a
Fechnerian representation (1), are given below.”

(I) if A = C2, then o is constant and u takes a logarithmic form. If
A % C?, then

X 1_%2
o(x) =o(x1) (*)
X1
and
c (1 - A) X

c2

ux) = u(xy) +

forany xqinl.

(I If /(0) = ‘[//fg)) , then o is constant and u takes a log-log form. If

4
/() # 4 ;g; then

, 1— :,”(0>
/(0)Inx + B ) (02

o(x) = o(x1) (m

and

ux) = u(x1)
/(0)

o(xq) ( /(0)Inx+B >]_</<0>>2 .

v(0) — 5 \\¢©1Inx; +B

forany xqinl.
(I) o is constant and u is a power function.

7 The constants A and C in (I) and B in (II) refer to the corresponding ones in
Theorem 5.
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Recall that (3) reduces to (1) if and only if o is constant or o is
not constant but is linearly related to u (Hsu et al., 2010; Iverson
& Pavel, 1981). It is clear that all three cases in Corollary 7 are
consistent with this statement. Importantly, Corollary 7 indicates
that u (and o when it is not constant) take either a logarithmic, a
log-log, or a power-function form.?

6. Examples and relations to the solutions in Iverson (2006b)

We mentioned earlier that an example for case (II) of Theorem 5
is the power law for the sensitivities & advocated by Falmagne
and colleagues to account for the near-miss to Weber's law
phenomenon (Doble et al, 2003; Doble, Falmagne, Berg, &
Southworth, 2006; Falmagne, 1985). As discussed in Hsu et al.
(2010) and rephrased earlier (see (23) and footnote 6), within
the weakly balanced system of affine representations, Falmagne’s
power law (11) takes a special form & (x) = x‘®x) ™, where x, >
x for all x € I. Straightforward differentiations of (23) with respect
to s reveals special instances of f and w (as s — 0) and, using the
notation of Theorem 5, we have B = —(/(0) In xo. Indeed, the result
from Doble et al. (2006) indicates that «/(0) < 0 and thus B >
—!(0) Inx for all x in . Further, under the Fechnerian framework
(1), ¢(s) in (23) is an exponential function of s (Falmagne, 1994;
see also Eq. (11c) on p. 286 of Iverson, 2006b). These results
complement the illustrative analysis described in Hsu et al. (2010).

For case (IIl) of Theorem 5, we also find an example from
the study of Jesteadt, Wier, and Green (1977) of the near-miss
to Weber’s law phenomenon, for which the data pattern can be
re-captured (to a good approximation) by a special form of (13)
in which «(s) = 1 for all s (see also (12) and Corollary 2). As
discussed in Iverson (2006b), under the Fechnerian framework (1),
the homogeneity relation of sensitivities imposed by this model
takes the form &(x) = (x# + g)vﬁ (o, B > 0), with the scale u

a power function u(x) = ax? + y (see Eq. (13b) on p. 286). This

is consistent with case (III) of Theorem 5 by setting B = —f and
A= L.
af

Further inspection reveals that the simplest solution for u in
Iverson (2006b, Egs. (11a) and (13a) on pp. 285-286) also is
compatible with case (I) of Theorem 5. Indeed, with ¢(s) = 1 for
all s (and so ¢/(0) = ¢”(0) = 0) in case (I), we have Weber's law. In
such a case &(x) = e¥/“x (a > 0).

However, none of the last six solutions for u in Iverson (2006b,
Eqgs. (15a)-(15f) on p. 287) appear in Corollary 7, suggesting that
they are not derived under the power law of similarity (13), but
rather are consequences of other forms of y in (6). A further
examination reveals that the multiplier y that gives rise to these

ks = - AB) (a, B # 0) (in
addition to y(1,s) = 1and y(/\s, 0) = A). For example, (15a) in
Iverson (2006b) states that &(x) = T(e¥/*(x/T)? + (e/* — 1))/8,
If setting T = 1 (which can be achieved by scaling the variable x),
then a computation shows that y (&, s) = [e¥*(Af — 1) + 1]'/F,
a form satisfying the above requirement. For the other five cases,
the functional forms of y are similar, except that the sign pattern
differs in various places. A similar derivation of (15a) in Iverson
(2006b) also gives n(x,s) = —aIn[A"P(e™5/* — 1) + 1], for
which one can solve n(i,s) = H(AHT(s)), yielding H(s) =
—aIn(ks™® + 1) for some constant k = 0. All these are special
instances of Theorem 1. In fact, as mentioned after Theorem 5,

six solutions must satisfy

8 Keep in mind that in Corollary 7 for the cases in which u and o are linearly
related, we have F(M) =F (M) = F(A (M — )) =
’ [\2] (y)

o o(y)
F*(u*(x) — u*(y)), meaning that the scale u in (3) needs to be transformed to
u* = Ino when it is expressed in terms of (1).

within (3) and under the more general law of similarity (6), it can
be shown that one set of conditions involves f (x) = Ax®+1 + Cx for
some constants A, B £ 0 and C. In such a case for (3) to degenerate

to (1), one must have w 0= AE. Obviously, both n(i,s) =
s=

ABs (case (Ill) of Theorem 5) and n (A, s) = —a In[AB(e™5/* —1)4+1]
(we write B = — ) satisfy this condition.

7. Discussion and concluding remarks

In general, u and o in (3) are not tidied up enough under the
impact of (13) for further simplification. For instance, for subcase
(12) in the proof of Theorem 5 in which the affine representation
does not degenerate to a Fechnerian one, since (/(0) = 0 and
("(0) # 0, the multiplier y (A, s) in (13) is not monotonic in s. For
this peculiar case the scales in (3) take a complicated form?:

1
u(x) = u(x;) + Ke 4 ?erﬁ (lnx + 2) +D,

where K # 0, erfi(x) = —ierf(ix) and erf(x) = % I et dt.

To have some insight into this issue, we inspect the constraints
imposed by the law of similarity (6) on the weakly balanced affine
system (3) from a slightly different angle. As mentioned previously,
using the Fechner method one can obtain three cases for ¢ and
thus f: f(x) = x(C > 0),f(x) = Axlnx + Bx (A # 0), or
f(x) = AxB+1 4-Cx (A, B # 0). Also recall that f (x)u/ (x) = o (x) (see
(18)). One then uses integration by parts (whenever applicable) to
express u in terms of o and ¢”.

Theorem 8. In Theorem 3, suppose that the weakly balanced
system (3) also satisfies the law of similarity (6). Then u is given by
one of the following forms.

(M
u(x) = % [a(x) Inx — /a/(x) lnxdx} +D,

where C > 0, D are constants.

(1n)

® = ol <1 +§)
UX—A[O'XH nx a

_ /o’(x) In (lnx+ ;) dx] + D,

where A # 0 and B, D are constants.
(m If ¢ =0,

u(x) = ;—; [a (x)x~ 8 — f o' (x)x7B dx} +D,

where A > 0, B # 0 and D are constants.

Ifc#0,
ux) = é{a(x) lnx—/a’(x) Inxdx

1 C

~3 [a(x) In (XB + K)

’ B C
—/a(x)ln(x +K> dx }+D,

where A, B # 0 and D are constants.

It is clear from Theorem 8 that the cases in which o is constant
or o and u are linearly related'® reduce (3) to (1), for which all the

9 we simplify the matter by constraining some of the constants in the solution.

10 1 such a case we have ‘;,((XX)) = g’(x), where g(x) takes one of the forms: Inx,

In(Inx + %), x~B or (Inx — % In(x® + %)). Note that a logarithmic transformation
of scale is required for u (as mentioned in footnote 8).
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solutions of u and & were given in Iverson (2006b). Especially, the
last six solutions for u in Iverson (2006b) are covered by (III) in
which C # 0. However, for the non-degenerate (to Fechnerian)
case it remains challenging to spell out the functional form for u
(and o) if no further constraints are imposed. !

In a broader sense, Eqs. (6) and (13) are special cases of the
homogeneity relation

Ts(Ax) =y (X, $) 10,5 (%), (25)

where the form 7" is empirically based, and good candidates for
it (at least) in psychophysics include the sensitivity function &
and the Weber function A. We mentioned previously that Iverson
(2006b) solved (6) for all families of sensitivities that admit a
Fechnerian representation (1). On the other hand, as pointed out
by Falmagne (1985, 1994), the commonly adopted form As;(Ax) =
AP A (x) (which is a special case of the Weber function-based
power law of similarity) with B(s) varying with s is incompatible
with the Fechnerian representation (see also Doble et al., 2003;
Iverson, 2006b). In fact, taking A for 7" in (25) and considering
only the case in which n(x,s) = s for all A, it can be shown
that As(x) o x for any given s and thus Weber’s law is implicitly
enforced. Formally,

Theorem 9. For the Weber function-based law of similarity A;(Ax) =
Y (A, $) Ay (%), if n(A, s) = s forall A, then (3) reduces to (1) ifand
only if y (X, s) = A for alls, i.e., Weber’s law holds.

Theorem 9 only covers the simplest case; when 1 (X, s) varies with
A the issue becomes complicated. An interesting follow-up study
is to explore the intertwined relationship between the sensitivity
function- and Weber function-based laws of similarity under (3).

Finally, we mention that the Fechner method of integrating jnds
used in the present work can be applied to the more general case
of affine representation,

u(x) — v(y))
o) ’

To see this, following Iverson (2006a) we redefine the sensitivities
as u(&(x)) — v(x) = so(x), so that £&(x) = u~' o v(x) and the
notion of jnds can be extended to d;(x) = &(x) — & (x). We then
generalize the Krantz-Pfanzagl theorem to

u(x) — u(y) = lim /ﬂ
=0+ Jy dy(&y ' (2))

Using similar arguments as in the proof of Theorem 5, one can
characterize the conditions under which (26) degenerates to (1)
via the behavior of first- and second-order derivatives of & in the
neighborhood of s = 0.

Y(x,y) =F ( (26)

11 see also footnote 5 and our remark after Theorem 5.
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The main purpose of this trip was to present our work in the 56th Annual
Meeting of the Psychonomic Society, which began the evening of November 19th and
ended the early afternoon of November 22nd in Chicago. During my stay in Chicago,
I also took the opportunity to attend several talks in one of the affiliate meetings---the
36th annual meeting of the Society for Judgment and Decision Making (SJDM), held
November 20-23 in the same conference hotel as the Psychonomic meeting but
occupied a much smaller capacity. After the two conferences I flew to Southern

California for a research stay for several days.

BE

In the Psychonomic conference, my student and I gave a poster presentation
titled “Effects of Affective Arousal on Prediction Errors in Reinforcement Learning:
Evidence from Feedback-Related Negativity”. Here is the abstract.

“Equality and fairness in social interaction often elicit affective arousal and show
a great impact on decision making. The present study aims to uncover the mechanism
behind such daily-life experiences using the behavioral, model-fitting, and
electrophysiological approaches. In the first session of the experiment, subjects were
randomly assigned to one of the “Neutral,” “Harsh,” and “Kind” groups to undertake
a different level of conceived fairness. Then a probabilistic learning task with varied
probabilities of negative-reward assignments was applied to each subject to examine
the impact of emotional experience on her/his choice behavior. Trial-by-trial data
were fitted with a reinforcement learning (RL) model using the Bayesian approach.
Brain activities were analyzed via ERPs. Our analyses revealed that, compared with
other two groups, subjects in the “Harsh” group retained more task scores, exhibited
distinct parameter values of the RL model, and demonstrated a higher degree of
feedback-related negativity, suggesting a tendency to loss aversion.”

Quite a number of people stopped by our poster and asked various questions.
Some of the feedbacks are invaluable and will definitely help us improve the
presentation of the research results. We are currently wrapping up the work and plan

to submit the results for publication in the near future.

34

Attending both the Psychonomic and SJDM conferences helps me keep track of

the on-going research topics in the respective fields. For example, the various



symposia held in the Psychonomic conference provided a glimpse of what people are
caring about nowadays.

In the SJDM conference I attended a two-hour tribute to Paul Slovic, an event
that attracted a big audience. Paul Slovic is a big figure in the field of judgment and
decision making. He has made major contributions to research on preference
construction, risk perception, and decision analysis. This 2-hour program highlighted
Paul Slovic’s influence across the fields. Several prominent speakers, including
Daniel Kahneman, Baruch Fischhoff and others, gave short talks to pay tribute to him.
Paul Slovic was there and also gave a commentary at the end.

I also attended several other SIDM talks on topics of collaboration and
cooperation, evaluations of experiences, etc. I noticed that more and more scholars are
using the Amazon Mechanical Turk for their online surveys and experiments. Also,
the use of Bayesian analysis is getting widespread. However, while the use of
neuroimaging techniques is getting popular for helping uncover the mechanism of
choice behavior (i.e., neuroeconomics), there were relatively few talks or posters in
the SJIDM conference on combining neuroimaging with behavioral measures to study

issues in judgment and decision making.
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The purpose of this trip was to present my work in the 47th Annual Meeting of
the European Mathematical Psychology Group (EMPG), which began the morning of
June 20th and ended the afternoon of June 22nd in Copenhagen, Denmark. During my
stay, I also attended two full-day EMPG-sponsored preconference workshops, held on
June 18th & 19th in the same place. After the conference I flew to Paris, France for

several days before heading back to Taiwan.

B2

As mentioned above, I attended two full-day EMPG-sponsored preconference
workshops. The theme of the first workshop, solely lectured by Professor Jiirgen
Heller on June 18th, was on the introduction to the representational theory of
measurement. The theme of the second workshop, jointly lectured by Professors
Michel Regenwetter, Jean-Paul Doignon, Clintin Davis-Stober, and Daniel Cavagnaro
on June 19th, was on the probabilistic specification and quantitative testing of
decision theories.

In the EMPG meeting I gave an oral presentation titled “Conditions under which
affine representations are also Fechnerian under the power law of similarity”. Here is
the abstract.

“In a recent paper, Hsu, Iverson, and Doble (2010) examined some properties of
a (weakly balanced) affine representation for choices, W(x, y) = F[(u(x)—w(y))/a(y)],
and showed that using the Fechner method of integrating just-noticeable differences
(jnds), one can reconstruct the scales u and ¢ from the behavior of (Weber)
sensitivities &s(x) = x + As(x) (where s = F'(¥) and A is the jnd) in a neighborhood
of s = 0. Following Iverson (2006), in this study we impose a power law of similarity
on the sensitivities, &s(Ax) = 149&,.5(x), and study its impact on u and ¢ in the affine
representation. Especially, we specify the conditions for the first- and second-order
derivatives of s(x) with respect to s (and evaluated at s—0) under which the affine
representation degenerates to a Fechnerian one. We also link the results to the
solutions in Iverson (2006) that was worked out within the Fechnerian framework.”

There were about 40 people attending my talk. The feedback from several
participants was informative; it gave me some insights into how the research could be

proceeded/expanded in the future.

NN /,f%—
Attending the two workshops is worthwhile. In the past I had learned some of the
topics covered in the workshops and also had attended some of the related talks in

various occasions, but this time the two workshop themes were introduced in a very



coherent and systematic way. I truly enjoyed and also learned a lot from both
workshops.

Another thought is that the EMPG meeting has smaller size in attendance than
the (similar) US-based annual meeting of the Society for Mathematical Psychology;
nonetheless, the EMPG meeting is more focused and provides more opportunities to
interact intellectually with other scholars. For example, I got a chance to talk to
Professor Jiirgen Heller about measurement issues and also about possible future
collaboration. I also met Professor Miguel Angel Garcia-Pérez and discussed possible
optimal response formats for threshold estimation in psychophysics. Some of the
conference talks were inspiring too. For example, Professor Matthias Gondan gave a
convincing argument about why we shouldn’t simply discard incorrect response times,
and provided some interesting imputation methods for remedy. Overall, attending the

EMPG meeting turned out to be a very rewarding experience for me.
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The scientific merit of this research is that i1t contributes to the

understanding of psychophysical representations (or scales) related
to the Fechnerian framework —— a long-standing interest that follows
closely the tradition of mathematical psychology.
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We specify the conditions of the power law of similarity under which

the weakly balanced affine representation degenerates to a
Fechnerian one.




